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Abstract

Computing cliques in an undirected graph G = (Vg, E¢) is a fundamental problem in
social network analysis. However, in some cases, the strict definition of a clique (a subset
of vertices pairwise adjacent in G) often limits its applicability in real-world settings. To
address this issue, we study the s-club: a clique relaxation that induces a subgraph of
diameter at most s. Note that a clique is simply a 1-club. Computing a maximum s-club
is a computationally challenging problem, as it is NP-hard for any positive integer s in
arbitrary graphs. Thus, this paper presents a simple dynamic programming algorithm
that efficiently computes a maximum s-club on an n-vertex tree in O(s - n) time. This
algorithm outperforms existing algorithms for trees in theory and practice. This approach
is a stepping stone towards computing maximum s-clubs on tree-like graphs.

1 Introduction

Let G = (Vg, Eg) be an undirected graph of order |Vg| = n and size |Eg| = m. A clique
C C Vg is a subset of vertices pairwise adjacent in G. Finding cliques is a crucial problem
in graph theory with various applications in biological networks, social sciences, community
detection, and combinatorial optimisation. However, in some cases, the strict definition of
the clique can be too rigid to model many real-world phenomena. Researchers have proposed
various clique relaxations to address this issue, one of which is the s-club.

For a fixed integer s > 0, a subset S C Vg is an s-club if the diameter of the subgraph
induced by S is at most s. The s-club is a diameter-based relaxation of the clique: a clique
induces a subgraph of diameter exactly 1, whereas an s-club allows a diameter of at most s.
Note that a clique is also a 1-club. Related clique relaxations include s-cliques, where the
distance between any two vertices in .S is at most s in the original graph G, and k-plexes, which
relax vertex degree constraints [41]. These clique relaxations are relevant because they identify
previously omitted relations due to the restrictiveness of the clique.

A set is called mazimum with respect to a given property if it satisfies that property and
has the largest possible cardinality among all such sets in the graph. This definition contrasts
with a maximal set, which is defined as a set that is not strictly contained in any larger set
satisfying the same property. These notions naturally apply to cliques, s-cliques, and s-clubs.
Thus, the maximum s-club (clique, s-clique) problem consists of computing an s-club (clique,
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(a) Sets A = {1,2,3,4,5} and B = (b) Clear and grey vertices form dis-
{2,3,4,5,6} are the maximum 2- connected maximum 2-cliques [2].
cliques. Set B is the maximum 2-

club. Sets C = {1,2,3,4} and D =

{1,2,3,5} are maximal 2-clubs. Ex-

ample provided in [34].

Figure 1: Examples of 2-cliques and 2-clubs.

s-clique) of maximum cardinality in G. The decision version of this problem, denoted by the
s-CLUB problem, consists of deciding if there exists an s-club of cardinality at least k£ in G.

Figure 1a shows examples of 2-cliques and 2-clubs in a graph. An s-club is more restrictive
than an s-clique since the graph induced by an s-clique is not necessarily connected and does
not necessarily have a diameter of size s. Figure 1b shows a graph containing disconnected
maximum 2-cliques. Furthermore, unlike cliques and s-cliques, s-clubs are not hereditary,
meaning each subset of an s-club is not necessarily an s-club [38]. For instance, in Figure 1a,
the set F = {1,2,5} C D is not a 2-club.

This paper presents DPsC (‘dynamic programming s-club’), a simple dynamic programming
algorithm that solves the maximum s-club problem in O(s-n) time when G is an arbitrary tree.
We show that DPsC improves upon previous algorithms both theoretically and experimentally.
Please note that any s-clique is also an s-club on tree graphs, as tree structures ensure that the
shortest path between any two vertices is unique and remains within the induced subgraph.

Computing s-clubs have diverse applications, including community detection [19, 30], bio-
logical networks [40], graph covering [14], graph partitioning [54], clustering biological networks
[6], crime detection/prevention [5], [44], and bike-sharing systems [43]. While applications
employ s-cliques, they could benefit from the internal connectivity of s-clubs. For instance,
s-club-based clustering has potential in protein sequence analysis [33] and genome mapping
[21].

Since the maximum s-club problem is known to be NP-hard on an arbitrary graph [10],
it is interesting to look for restricted classes of graphs where the problem becomes tractable.
This paper deals with trees, which are fundamental in constructing efficient data structures.
The recursive nature of trees makes them well-suited to problems that require decomposing
complex tasks into smaller and more manageable subproblems, a quality also desirable in other
graphs. In addition, tasks such as sorting, searching, data storing, and data compression use
trees extensively. Moreover, tree-based algorithms can often serve as subroutines for solving
problems on larger graph classes, such as unicyclic graphs and cacti [17].

Trees also find applications in diverse fields, from theoretical computer science and machine
learning to representing company hierarchies and the structure of biological organisms. Trees
also play a pivotal role in computational biology and phylogenetics. Phylogenetic trees model
evolutionary relationships between species or genes and are fundamental in conservation bi-
ology, disease tracking, forensics, and protein function prediction [36, 1]. In [18], the author
discusses community detection in hierarchical structures like trees. In this context, s-clubs
can support clustering methods that group similar organisms based on evolutionary distances
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[16, 42]. Examples of such clustering methods include hierarchical, k-means, k-medoid, and
density approaches [31].

Figure 2 shows an example where clades (groups of organisms that descend from a common
ancestor) in a phylogenetic tree naturally form s-clubs. The Dinosauria clade, shown within the
dotted rectangle, is a 4-club since the largest distance between the ‘birds’ node and any of the
three ‘non-avian dinosaurs’ nodes is 4-edge long. Similarly, the Archosauria clade (enclosed by
dashed lines) is a 5-club since the distance between the ‘birds’ node and the ‘crocodiles’ node
is 5-edge long.

G 8 & g g € & g =
BT v 28 % & £ g
1s - - a F 2 5 B % B
b a B O @ =8 @

| £ = =R ; ®

O e % ol =

|i [ E g 4 g

[ [ 7B 0 g

] [ ] 2

I b @

7 . |

L Dinosauria |

: - Crocodylamorpha :

| Archosauria |

Lo ____ o ____ I A\

Figure 2: Phylogenetic tree adapted from [28]. The Dinosauria clade is a 4-club. The Ar-
chosauria clade is a 5-club.

The remaining sections of this paper are the following: Section 2 covers basic graph concepts.
Section 3 reviews previous work on s-clubs. Section 4 describes DPsC and its terminology. Sec-
tion 5 presents the correctness and analysis of our algorithm. Section 6 outlines implementation
and experimental results. Finally, Section 7 provides some concluding remarks and future work.

2 Preliminaries

A graph G is a tuple (Vg, Eg), where Vi is a finite set of vertices and E¢g is a binary relation
of those vertices. The graph G’ = (V' E’) is a subgraph of G if V! C Vg, and E' C Eg. In
particular, if E’ contains all the edges (u,v) € E such that u,v € V' then G’ is an induced
subgraph of G and is denoted by G[V'].

Let [x] = {0,1,...,x} be the closed interval from 0 to x. A path voPv, in G is a sequence
of distinct vertices (vg, v1,...,Vy—1, Vy), Where v; € Vg for all i € [x], and there exists an edge
in F¢ for each pair of consecutive vertices in the path. The length of a path is the number
of edges it contains. The shortest path between two vertices u and v is a path that has the
minimum number of edges among all the paths connecting v and v in G. The distance between
two vertices u and v in G, denoted by distg(u,v), is the number of edges in a shortest path
connecting them. The diameter of G, denoted by diam(G), is the greatest distance between
any two of its vertices.
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A tree T = (Vp, Er) is a connected acyclic graph. A rooted tree is a tree with a special
vertex called the root. Let z be the root of T and (u,v) the last edge on the path zPuv, then u
is the parent of v and v is a child of u. A vertex v with no children is a leaf; otherwise, v is an
internal vertex. Let T be a rooted tree with root z, v € Vi, and v # z, then the tree rooted at
v consists of the subtree of T induced by v and all its descendant vertices. A postorder traversal
is a method that visits the vertices of a tree rooted at z in the following order: first, recursively
traverse from left to right all the subtrees rooted at the children of z and then visit z.

3 Related work

In this section, we first recall some key algorithmic results for the maximum clique problem
and then review known results related to the maximum s-club problem.

Although solving the maximum clique problem in a graph is NP-hard [22], there exist several
exact exponential-time algorithms to solve this problem, including the well-known algorithm
by [11], and its subsequent optimisations [37]. Other works have proposed approximation al-
gorithms for the maximum clique problem [15], yet it remains NP-hard to approximate within
a factor of n'=¢ for any € > 0 [25]. In addition, no fixed-parameter tractable (FPT) approx-
imation algorithm is currently known [13]. We refer the reader to the survey by [53] for a
comprehensive overview of exact, heuristic, and metaheuristic methods, and to the preprint by
[32] for a summary of classical algorithms as well as recent developments involving graph neural
networks and quantum approaches.

The maximum s-club problem is also NP-hard in general graphs [10]. They also provide an
exact branch-and-bound algorithm to solve the maximum s-club problem. Even more, testing
the maximality of an s-club is also NP-hard [38]. Subsequent studies have proposed algorithms
for solving the maximum s-club problem [9, 10, 48], and [52] generalized the concept of s-club
for edge-weighted graphs. [55] developed exact algorithms to solve the maximum biconnected
and fragile 2-club problems.

Regarding approximation algorithms for the maximum s-club problem, [4] proved that com-
puting a maximum s-club is not approximable within a factor of O(n'/27¢), for any € > 0. They
also proposed an n'/2-approximation algorithm for this problem.

Some relevant contributions dealing with FPT algorithms for the s-CLUB problem are [417],
[24], and [8]. Later, [23] proposed an O(n)f(™) XP algorithm for the 2-CLUB problem, where
m is a constant representing the h-index of the input graph, a parameter related to the vertex
degree.

Researchers have extensively explored integer programming formulations for the maximum
s-club problem [6]. [3] designed a compact ILP model specifically for the 3-club case, and [35]
developed a decomposition-based branch-and-cut approach capable of solving larger instances.
[12] and [39] analyzed the polyhedral properties of the 2-club problem, while [51] introduced
ILP formulations tailored to sparse graphs for s = 2. For a comprehensive overview of s-club
research, we refer the reader to the survey by [7].

Among the most influential general-purpose models, [50] introduced a recursive ILP formu-
lation that reduces the size of earlier models from O(n*t) to O(s-n?) variables and constraints.
They also introduced the robustness-based (s, R)-club variant, which guarantees at least R dif-
ferent paths between each pair of vertices in the s-club. This model is inapplicable to our work
due to unique paths between tree vertices.

More recently, [45] proposed the cut-like integer programming formulation. It uses only
n binary variables and a single class of restrictions. This formulation outperforms previous
approaches regarding scalability and solver performance for the maximum s-club problem.

4
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The work most closely related to ours is by [46], who presented an exact algorithm for
computing a maximum s-club on an arbitrary n-vertex tree in O(s? - n) time. The author also
presented similar algorithms for other graph classes. Section 4.4 presents a detailed comparison
between this algorithm and our approach, DPsC.

4 The DPsC algorithm

The DPsC(T, Vroot, 8) algorithm aims to compute a maximum s-club, denoted by 5'7 within
an arbitrary tree T. The algorithm uses the ROOT function with parameters 7" and v, to
optimally root T at vertex v,,ot. DPsC combines the functionality of two sub-algorithms,
UPWARD-SWEEP and DOWNWARD-SWEEP, to efficiently compute and retrieve S. Pseudocode
1 shows the DPsC algorithm.

e UPWARD-SWEEP: DPsC begins by invoking UPWARD-SWEEP, which processes T rooted
at vpoor In & postorder traversal (see Section 4.1). This process involves computing the
cardinalities of the best subproblem solutions and storing them in tables, one for each T
vertex. The objective identifying which vertex table and row store \5’ |. We refer to this
vertex and row as © and r, respectively.

o DOWNWARD-SWEEP: With ¢ and r identified, DPsC then calls DOWNWARD-SWEEP,
which traces back through the pointers stored during the execution of UPWARD-SWEEP.
This recursive procedure reconstructs the set of vertices in S.

e Output: The algorithm returns S. In particular, T[S’] is the subtree of T rooted at v
whose height is 7.

Pseudocode 1: DPsC(T, vyo0t, )

Input : An arbitrary tree T = (V, ET), an arbitrary vertex vroot € V, and an integer s > 2.
Output: A set S C Vi that represents the vertices of a maximum s-club of T
1 begin
2 T + RoOT(T, vroot) > Now, each vertex v € Vr knows its
parent and children
3 (9, 7) +UPWARD-SWEEP(T, s)
4 S« {0}

5 S < DOWNWARD-SWEEP <T,f),r, S‘)

6 return S

4.1 Terminology and notation

We denote vertices by lower-case letters and edges by an unordered pair of vertices. Let T =
(Vr, Er) be the input graph to DPsC, an arbitrary undirected tree. Since DPsC rooted tree
T at vertex vy,oot, from here onwards assume that each vertex v € Vp knows its parent p(v) and
children C,, = {uo, u1,...,u4 ..., uc,|-1}. Let T, C T be the subtree rooted at vertex v, and

TU[T] C T, be the subtree containing v and its descendants up to a distance r < s. Let SU (SE[,T])

be any set of vertices with the largest cardinality such that S, (S‘v[f]) is a subset of the vertices

of T, (T,E’]) and the dist(u,w) < s for u,w € S, (,SA'I[,T]) Finally, T,, = T[S, (ﬂr] = T[S'LT]]).
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Figure 3: An execution example of DPsC on a tree T rooted at vertex a. The subtree inside
the dotted lines is a maximum 3-club.

DPsC uses dynamic programming and assigns a table to each vertex v, denoted as v.table.
Then, v.table[r].Data refers to the entry in row r, where r € [s] and Data € {Size, Pointer}.
Each entry v.table[r].Size stores |S’7[f] |, and v.table[r]. Pointer keeps a single vertex that helps
to identify the vertices belonging to S during DOWNWARD-SWEEP. It is essential to highlight
that a maximum s-club in T is not necessarily unique. For our purposes, it is enough to output
just one of them. See Remark 4.1 and Example 4.2.

Remark 4.1. UPWARD-SWEEP follows a postorder traversal on T and returns the pair (0,r).
Vertex v has the largest postorder number, and r is the row with the smallest number in v.table,
such that the value of |5’g]|, stored in O.table[r].Size, has the largest cardinality in T; i.e.,

1807 = 18).

Example 4.2. Vertex table. Figure 3 shows the table values of vertices {a,b, ...,j} in tree
T after computing a mazimum 3-club. The value 6 in entry a.table]2].Size (the maximum in
all entries) indicates that a subtree T2 exists such that \S([L2]| = |8] =6 and diam(if’(?]) < 3.
The subtree T,?], inside the dotted lines in Figure 3, is a maximum 3-club of T'. Additionally,
the entry a.table[3].Size shows that the subtree Tf’] is also a mazximum 3-club of T'; however, by
Remark 4.1, UPWARD-SWEEP returns the pair (a,2), indicating that the mazimum-cardinality
solution is 6.
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4.2 Upward-sweep

The UPWARD-SWEEP algorithm (see Pseudocode 2) aims to compute the cardinality of a max-
imum s-club in 7. The output of the algorithm is the pair (9,7); i.e., the algorithm stores |S]
in the table row 7 associated with vertex 0. Recall from Subsection 4.1 that each vertex has
a table with rows r € [s] for integers r and s. The algorithm operates through a postorder
traversal of the tree, processing each vertex v after finishing the processing of all children of v.

The algorithm begins by filling in the table for leaf vertices, where the cardinality of the
maximum s-club is trivially one because a leaf vertex has no children. (See Equation 1 and
Line 4 of Pseudocode 2.)

v.table[r].Size =1, if v is a leaf vertex, for r € [s]. (1)

The algorithm computes the maximum s-club for each non-leaf vertex v. Such a computation
considers four cases based on the r-value, adhering it to Equations 2 to 8.

e Case 0: Similar to the leaves, the size of the maximum s-club for row r = 0 is one since
it only includes vertex v. (See Equation 2 and Line 7 of Pseudocode 2.)

v.table[0].Size = 1,  if v is an internal vertex. (2)

e Case 1: For rows r = 1 up to L%J, the algorithm sums the optimal solutions computed

by its children stored at row r — 1 and adds 1 for the current vertex, i.e., v. (See Equation
3 and Line 8 of Pseudocode 2.)

v.table[r].Size = 1+ Z u.table[r — 1].Size, if v is an internal vertex, for 1 < r < GJ .
VUECU
3)

e Case 2: For rows greater than LQJ and less than s — 1, the algorithm calculates the
contribution from the optimal solution stored at row r — 1 in a child vertex wu, plus the
sum of the optimal solutions of all brothers of u at row s —r — 1. That is to say, the
distance from any vertex in the s-club of u to any other optimal solution in C,, \ u stored
at row s —r — 1 will be at most s edges long. The algorithm iterates through all child
vertices to maximise this contribution and adds one for the current vertex, i.e., v. (See
Equations 4-6 and Lines 10-19 of Pseudocode 2.)

S

a= E u.table[s — r — 1].Size, if v is an internal vertex. (4)
YueCy
“ f 1
; . i i int t
v.table[r].Size =1+ max | — w.table[s —r — 1].Size | , oy ISS A INTeHal vertex,
vueC, for bJ <r<s-—1.

+ u.table[r — 1].Size
) o)
v.table[r].Pointer = v*, if v is an internal vertex, for {iJ <r<s-—1L (6)

e Case 3: It considers the setting where an optimal solution for the vertex v (to store in
the row 7 = s) is one (i.e., vertex v) plus the cardinality of the optimal solution stored at
row s — 1 of v’s children. (See Equations 7-8 and Lines 21-29 of Pseudocode 2.)

v.table[s].Size =1+ Jnax (u.table[s — 1].Size), if v is an internal vertex.  (7)
ueCy
v.table[s].Pointer = u*, if v is an internal vertex. (8)

7
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Pseudocode 2: UPWARD-SWEEP(T, Uyoot, S)
Input : A tree T = (V, Er) rooted at some vertex vroot € V, and an integer s > 2.
Output: A pair (9,7), such that v.table[r].Size stores \SLT]\ =|5|. See Remark 4.1.
1 begin
2 foreach v € Vi in POSTORDER(T, Uroot) do
3 if v is a leaf verter then
4 | foreach r € [s] do wv.table[r].Size + 1
5 else
6 u* 0
> Case O.
7 v.table[0].Size < 1
> Case 1.
8 for 1 <r< L%J do wv.table[r].Size <= 1+ >y, o, u-table[r — 1].Size
> Case 2.
9 for|_%J<'r§s—1do
10 a < > vuec, u-table[s —r —1].Size
11 ans <0
12 foreach u € C, do
13 if o — u.table[s — r — 1].Size 4 u.table[r — 1].Size > ans then
14 u* —u
15 ans < a — u.table[s — r — 1].Size + u.table[r — 1].Size
16 end
17 end
18 v.table[r].Size + 1 + ans
19 v.table[r]. Pointer + u*
20 end
> Case 3.
21 ans <0
22 foreach v € C, do
23 if u.table[s — 1].Size > ans then
24 u* —u
25 ans < u.table[s — 1].Size
26 end
27 end
28 v.table[s].Size < 1+ ans
29 v.table[s]. Pointer < u*
> Optimal solution check.
30 for 1 <r<sdo
31 if v.table[r].Size < v.table[r — 1].Size then
32 v.table[r].Size < v.table[r — 1].Size
33 v.table[r].Pointer <+ v.table[r — 1]. Pointer
34 end
35 end
36 end
37 end
38 return (0, r) < maxy, ey, (v.table[r].Size), according to Remark 4.1
39 end

After processing each row, the algorithm checks to ensure that the cardinality of the optimal
solution stored in row r is not decreasing as r increases. (See Equation 9, Lines 30-35 of
Pseudocode 2, and Example 4.6.)

v.table[r + 1].Data = v.table[r].Data  if v.table[r + 1].Size < v.table[r].Size,

if v is an internal vertex, for r € [s — 1] A Data € {Size, Pointer}.

9)
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In Cases 2 and 3, the single pointer that UPWARD-SWEEP stores in v.table[r]. Pointer is
vertex u*. DOWNWARD-SWEEP uses this pointer to identify the vertices of S explicitly. For
Cases 0 and 1, UPWARD-SWEEP does not save any pointer in v.table[r|. Pointer.

Finally, after processing the entire tree, the algorithm identifies the vertex ¢ and the row r
that yields the maximum s-club (or one of them if multiple exist) in T'. Note that this algorithm
does not explicitly provide the set S. It is necessary to trace back through the pointers stored
in the tables to obtain S.

Remark 4.3. FEquation 10 can concisely replace Equations 4 and 5; however, computing the
former requires O (\Cq,|2) time, whereas the time complezity for Equations 4 and 5 is O (|Cy]).

v.table[r].Size =1 + Jsx ’ EXC:\ w.table[s — r — 1].Size + u.table[r — 1].Size | . (10)

Example 4.4. Filling in a leaf vertex’s table. Consider the tree from Figure 3. Note that
for each leaf vertex v € {d, e, f, h, i, j}, UPWARD-SWEEP fills in each entry v.table[r].Size
with 1, for all v, according to Line J in Pseudocode 2. Leaf vertices do not require pointers, as
indicated by the hyphen symbol (—) in entry v.table[r]. Pointer.

Example 4.5. Filling in an internal vertex’s table. Consider Examples 4.2 and 4.4
and the tree of Figure 3. UPWARD-SWEEP sets a.table]0].Size <— 1 and a.table[1].Size < 3
according to Lines 7 and 8. Note that there are mo pointers stored in such entries. To fill
in entry a.table[2].Size, the algorithm selects a child u* € C, to read u*.table[r — 1].Size =
u*.table[1].Size, and for every u € {C, \ u*}, it reads u.table[s — r — 1].Size = u.table[0].Size.

In this example, a < b.table[0].Size + c.table[0].Size = 2, by Line 10. Then, the algorithm
identifies u*, according to Lines 12-17. When the algorithm tries vertices b and ¢, variables
ans <~ 2—14+4 =15 and ans < 2 — 1+ 3 = 4, respectively. Thus, UPWARD-SWEEP chooses
u* + b and sets a.table[2].Size + 6 and a.table[2].Pointer < b according to Lines 18-19.
Finally, UPWARD-SWEEP fills in a’s table for r = 3. The for loop of Lines 22-27 selects the
best child u € C, to read entry u.table[r — 1].Size = u.table[2].Size. When the algorithm tries
vertices b and ¢, variables ans <— 4 and ans < 5, respectively. Thus u* < ¢ and UPWARD-
SWEEP sets a.table[3].Size < 6 and a.table[3]. Pointer < ¢, by Lines 28-29.

Example 4.6. Solution check. Consider Examples 4.2 and 4.5 and the internal vertez c.
The UPWARD-SWEEP algorithm fills in c.table[3].Size <— 4 and c.table[3].Pointer < g accord-
ing to Equations 7 and 8. Since c.table[2].Size > c.table[3].Size, UPWARD-SWEEP updates
c.table[3].Size and c.table[3].Pointer to the values of c.table[2].Size and c.table[2].Pointer, re-
spectively, according to Equation 9.

4.3 Downward-sweep

The DOWNWARD-SWEEP algorithm (see Pseudocode 3) is a recursive procedure designed to
trace back through the pointers stored (and computed by UPWARD-SWEEP) in the table of each
vertex to reconstruct the set of vertices that form a maximum s-club S. The input for this
algorithm is the tree T, the pair (v,r), and an initially empty set S. The algorithm begins
by adding the current vertex v to the set S (see Line 2 of Pseudocode 3) and then recursively
processes the children of v based on whether v is a leaf, in which the recursion ends (see Line 3
of Pseudocode 3); otherwise, similarly to UPWARD-SWEEP, it handles four cases based on the
value of 7:
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Pseudocode 3: DOWNWARD-SWEEP (T,u,r, S)
Input : A rooted tree T = (Vp, ET), a vertex v € Vi, a row r from v’s table, and the set S to store
the vertices of the computed maximum s-club.
Output: A set S C Vp that represents the vertices of the computed maximum s-club of T'.
1 begin
2 S+ SuUv
3 if v is a leaf vertexr then return S
> Case 0.
4 if 7 =0 then return $
> Case 1.
5 iflSTSL%J then
6 foreach v € C, do
7 ‘ S + DOWNWARD-SWEEP (T,u,r -1, S‘)
8 end
9 end
> Case 2.
10 if|_§J<r§s—1then
11 Cy < Cy \ v.table[r]. Pointer
12 u* + v.table[r]. Pointer
13 S < DOWNWARD-SWEEP (T,u*,r -1, S‘)
14 foreach u € C, do
15 S < DOWNWARD-SWEEP (T, u,s—r—1, S‘)
16 end
17 end
> Case 3.
18 if r = s then
19 u* < v.table[r]. Pointer
20 S < DOWNWARD-SWEEP (T, u*,r—1, 5‘)
21 end
22 end

e Case 0: If r = 0, the recursion ends. (See Line 4 of Pseudocode 3.)

e Case 1: For 1 <r < |/, the algorithm processes all v’s children recursively with r — 1.

(See Lines 5-9 of Pseudocode 3.)

e Case 2: For L%J < r < s —1, the algorithm first processes recursively with r — 1 the
child vertex referred by the pointer stored in row r. Then, it processes recursively the
remaining v’s children with an s —r — 1. (See Lines 10-17 of Pseudocode 3.)

e Case 3: If r = s, the algorithm recursively processes the child vertex referred by the
pointer (in row r) with 7 — 1. (See Lines 18-21 of Pseudocode 3.)

This algorithm ensures that S contains all the vertices of the maximum s-club by following
the pointers identified during the UPWARD-SWEEP phase. Example 4.7 and Figure 4 illustrate
how DOWNWARD-SWEEP works.

Example 4.7. DOWNWARD-SWEEP is a preorder tree traversal in which the backtracking occurs
when there are no more vertices to visit (i.e., when the visited vertez is a leaf or when row r = 0).

Consider the tree T rooted at vertex a of Figure 4. A preorder traversal visits the vertices
in the order of (a, b, d, e, f, ¢, g, i, j, h); however, DOWNWARD-SWEEP only visits the
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vertices (a, b, d, e, f, ¢) because of its backtracking conditions. Using Remark 4.1, UPWARD-
SWEEP on tree T returns the pair (a,2), as shown in Ezample 4.2. Therefore, the recursive
approach of DOWNWARD-SWEEP starts with the input tree T, vertex a, row 2, and an initially
empty set S. DOWNWARD-SWEEP adds vertex a to S in Line 2. Since r = 2 is within the if
statement’s bounds, Line 10 evaluates to True and a.table[r = 2].Pointer = b means that u* = b
(Line 12). Thus, DOWNWARD-SWEEP wisits the subtrees rooted at vertices b and ¢ in preorder;
however, r takes different values (1 and 0, respectively), i.e., DOWNWARD-SWEEP(T, b, 1, {a})
and DOWNWARD-SWEEP(T, ¢,0, S), as shown in Lines 13 and 15.

After visiting vertez b, S becomes {a,b}, and DOWNWARD-SWEEP wisits vertices (d,e, f) in
preorder. S becomes {a, b, d, e, f} at the end of such visits. The DOWNWARD-SWEEP call to
visit vertex ¢ is DOWNWARD-SWEEP(T, ¢, 0, {a, b, d, e, f}). During this preorder visit, S
updates to {a, b, ¢, d, e, f}, and Line 4 returns this set since r = 0. The algorithm finishes in
vertex a with S = {a,b,c,d,e, f} since all its children have been visited.

Size
| [Pointer

Size
Pointer

Row

= | Row

Size
| [Pointer
Size [T
| [Pointer| *.)

2| Row
| |Pointer]
<= | Row

-
—

Figure 4: DOWNWARD-SWEEP traversal on the tree of Figure 3 (after the execution of UPWARD-
SWEEP). Dashed arrows’ tips indicate recursive calls, and the bold and hollowed circles mark
the initial and final states of the tree traversal, respectively. In this figure, DOWNWARD-SWEEP
only uses the information in bold.

4.4 A comparison between the Schafer’s algorithm and DPsC

Schafer’s algorithm and DPsC efficiently compute the maximum s-club in an arbitrary tree, see
Section 3. The two algorithms have similarities and differences in their approaches to solving
this problem.

e Similarities: Both algorithms accept an integer s and a tree rooted at a unique vertex
Uroot as input. Each vertex has a table with (s + 1) rows, and the algorithms perform a
bottom-up traversal, starting with each vertex v to compute the cardinality |,§' | of vertices
that form a maximum s-club. They also provide information to identify such vertices in
a subsequent phase.

e Differences: Schéfer’s algorithm builds tables similar to those in dynamic programming,
where the entries represent the number of descendant vertices at a distance d from v. Such
information does not necessarily represent the number of vertices in a specific s-club. In

contrast, DPsC builds tables that store cumulative sums (representing TH).
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Schéfer’s algorithm starts by computing the set of vertices at most at a distance s from
the “lowest tree leaf” v. This computation involves adding data from O(s) table entries
and O(s) distinct vertices. The resulting sum requires O(s?) operations. It represents
the cardinality of the maximum s-club among all s-clubs in which v appears. Then, the
algorithm removes v and repeats this process for the rest of the tree, keeping only the
optimal solution.

DPsC, on the other hand, uses a dynamic programming strategy. For vertex v, it com-
putes the cardinality of a maximum s-club, including v and some of its descendants,
using the optimal solutions generated by the children of v. This computation involves
only O(s) operations per each vertex v, on average. DPsC follows a postorder traversal
on T and repeats the above computations for each vertex to determine the cardinality of
the maximum s-club.

Regarding efficiency, Schéfer’s algorithm has an O(s) overhead compared to DPsC.

5 Correctness and analysis

This section presents the correctness and analysis of DPsC. First, we prove its correctness by
induction by showing that our dynamic programming algorithm correctly generates O(s - n)
candidate solutions for S. The algorithm stores the cardinality of each candidate solution (and,
at most, a pointer per solution) in an entry of some of the n tables in T'. Then, we use Equations
1-9, from Subsection 4.2, for its complexity analysis.

For this section, consider as input a tree T = (V, E1) as defined in Subsection 4.1. Let the
height of T}, be the length of the longest path vPl, where [ is a leaf vertex in Vi, . Also, recall

that the v.table[r].Size entry stores |5'1[,T]|

5.1 Correctness of DPsC

Next, we prove that the DPsC algorithm is correct and computes a maximum s-club, S, at the
end of its execution.

Lemma 5.1. UPWARD-SWEEP correctly computes S'LT] for each vertex v in T and r € [s]; i.e.,
it guarantees that |§1[,T]\ is maximum and diam(ﬁw) <s.

Proof. The proof is by induction on the postorder number of each vertex v in T.

Base case: Assume that the postorder number of vertex v is 1. Then, v is the leftmost leaf
of T'; therefore, S’q[f] consists only of v, for any r. Equation 1 correctly sets \§LT]| = 1 in each
entry of v.table[r].Size. Note that S is maximum and diam(ﬂr]) =0<s, for all r € [s].

Induction hypothesis: Assume that the UPWARD-SWEEP algorithm correctly computes the
tables of each vertex v with postorder number less than or equal to p. As a result, for each v
in this interval, |5’1[,T]| is maximum and diam(ﬁgr]) < s, for all r € [s].

Inductive step: Assume that vertex v with postorder number p 4+ 1 is an internal vertex;
otherwise, handle it as in the base case. We now prove that the UPWARD-SWEEP algorithm

correctly computes the entries v.table[r].Size, for r € [s], such that |§,[f]| is maximum and
diam(ﬂr]) < s. We analyse each of the four cases for 7.

e Case 0: In this case, r = 0 and 51[}0] = v. Since this set is the only possible solution for
this case, |$’1[,0]| is maximum and |,SA'1[,O]| = 1, by Equation 2. Moreover, diam(TAqgo]) =0<s.

12
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e Case 1: 1 <r < ng The construction of S’T[,T], through Equation 3, states that this

set consists of v and all its descendant vertices up to a distance of r. Note that |S’1[,T]\ is

maximum since Ty] is the largest tree rooted at v with a height of at most r; furthermore,

diam(ﬁgr]) =2r <s.

e Case 2: |5| < r < s—1. This case partitions C, into u* and {C, \ u*}. Equation

5 states that 7" consists of the union of vertex v, tree T 152_1], and trees 77" 7Y, for
each vertex u; € {C, \ v*}. By the induction hypothesis, diam(ﬂﬁ_”) < s and also

diam(ﬁ[ﬁ_”) <s, for each u; € {C, \ u*}. The distance from each vertex w € TQ[Z;_” to
v is at most r, and the distance from each vertex z € TE*T*H to v is at most s — r, for
each u; € {C, \ u*}; therefore, the distance between vertices w and z is at most s; this

implies that diam(fy]) < s. The ‘max’ function in Equation 5 guarantees that |§1[,T]| is
maximum.

e Case 3: r = s. Similar to Case 2, the algorithm selects only one vertex u* € C,,

and TU[S} consists of the union of vertex v and tree Tl[ﬁ*l]. By the induction hypothesis,

diam(T5™) < s and also |S7Y] is maximum. Finally, the distance from each vertex
w € Tq

(=1 to v is at most s. This implies that diam(ﬂs}) < s. The ‘max’ function in
Equation 7 guarantees that |§LS]| is maximum.

L*

O

Corollary 5.2. UPWARD-SWEEP computes the cardinality of a mazimum s-club S on a rooted
tree T

Proof. Tt is enough to extract the entry with the maximum value among all v.table[r].Size,
for all v € Vi and r € [s]. O

Lemma 5.3. DOWNWARD-SWEEP correctly identifies the vertices from T that belong to S,

Proof. From Corollary 5.2, the UPWARD-SWEEP algorithm correctly computes the cardi-
nality of a maximum s-club S. DOWNWARD-SWEEP identifies the vertices in S by gradually
retrieving the information stored at some v’s table. Since DOWNWARD-SWEEP only uses infor-
mation previously computed by UPWARD-SWEEP, DOWNWARD-SWEEP is correct. O

5.2 Analysis of DPsC

The following lemmas and theorem prove that DPsC runs in O(s - n) time.
Lemma 5.4. UPWARD-SWEEP takes O (s |Cy|) time to fill in the table of each vertex v of T.

Proof. 1f v is a leaf vertex, UPWARD-SWEEP fills in its table in O(s) time, using Equation
1. For internal vertices, we analyse the four cases described in Subsection 4.2.

e Case 0: Filling in the v.table]0].Size entry requires O(1) time, by Equation 2.
e Case 1: Filling in each v.table[r].Size entry requires O (|C,|) time, by Equation 3.

e Case 2: Filling in both v.table[r].Size and v.table[r].Pointer entries require O (|Cy|)
time, by Equations 4-6.
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e Case 3: Filling in both v.table[s].Size and v.table[s].Pointer entries require O (|C,|)
time, by Equations 7-8.

Overall, UPWARD-SWEEP fills in the table of vertex v in O (s - |C,]|) time. O
Lemma 5.5. The execution time of UPWARD-SWEEP is O(s - n).

Proof. Note that )y, cy.. |Cys| = n — 1; therefore, from Lemma 5.4, UPWARD-SWEEP takes
O(s - n) time. O

Lemma 5.6. The ezecution time of DOWNWARD-SWEEP is O(n).

Proof. Regardless of the value of s, DOWNWARD-SWEEP visits each vertex at most a constant
number of times; therefore, such an algorithm requires O(n) time. O

Theorem 5.7. Let T = (Vr, E7) be an n-vertex undirected rooted tree. Then, DPsC computes
a mazimum s-club on T in O(s-n) time.

Proof. Tt follows from Lemmas 5.5-5.6. O

6 Implementation and experiments

This section presents our experimental design and its results. We compare the performance
of DPsC with Schéfer’s algorithm, which (to the best of our knowledge) is currently the only
known algorithm specifically designed to solve the maximum s-club problem on trees'.

6.1 Experimental design
e Input data sets:

1. The 722 16 subset from Professor Brendan McKay?. We chose the ‘tree22.16.txt’
data set containing 12761 trees; each graph has 22 vertices and a diameter of 16.
The experiments used values of s € {8, 9, 10, ..., 16}. The cumulative execution
time of such a set under each algorithm appears in Table 1, Row 1.

2. Tpn is a subset of phylogenetic trees chosen from the PhylomeDB [27] catalogue®.
The chosen source file* contains 5 722 phylogenetic trees®, the largest tree having 297
vertices, and diameters ranging from 2 to 64. The experiments used this set with
values of s from the set {2,3,4,7,8,13,16,25, 32,49,64}. The cumulative execution
time of such a set under each algorithm appears in Table 1, Row 14.

3. Tp is a doubly logarithmic tree [29] with height 5 (|Vr,| = 119041) and diameter
10. The experiments used this graph with values of s = {4,5}. See Table 1, Rows 2
and 3.

ISource code and data set are available at: https://alexfloreslamas.github.io/maximum-s-club-problem-on-
trees.io/

2https:/ /users.cecs.anu.edu.au/ bdm/

3 Accessible via FTP: http://phylomedb.org/download

4phylomones/phylomone_0003/best_trees.txt.gz

5«3, cerevisiae phylome made from 60 completely sequenced fungal species”; extracted from: phylomones/-
phylomone_0003/phylome_info.txt.gz
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Table 1: Wall-clock running time of Schéafer’s implementation and DPsC on the six cases of

studies. We denote ‘timeouts’ and ‘not applicable’ by ‘—’ and ‘n/a’; respectively.
Row Graph Running time in seconds fass Row Graph Running time in seconds it
tschifer tppsc EDPac tschiifer tppsc fDPaC

1 Taz16 132.4492 60.8545 2.1 14 Ten 719.4773 185.4435 3.8

2 Tp, s = 4 109.9832 1.8577 59.2 15 Toges, s =10  1022.6843 9.4978 107.7

3 Tp, s=5 116.5945 1.5734 741 16 Toses, s =100  1439.42 17.3046 83.1

4 Ty, s =10 1.5289 0.5584 2.7 17 Toses, =500  5989.8246 74.7689 80.1

5 Ty, s =100 12.6688 4.8969 2.5 18 Toses, s=10  2945.4381 15.6059 188.7

6 Ty, s=1000 6029626 45.2492 133 19 Thse s =100  3654.6010 441117 82.8

7 Ty, s=10000 19859.2017  241.7339 821 20 Toses s =500 2661.9666 n/a

8 Tp, s=5 117.9299 2.0445 576 21 Torses, s =10  6436.4398 22.7611 282.7

9 Tg, s =10 121.7708 1.9870 612 22 Tyrses, s =100 7807.3684 94.7391 82.4

10 Tg, s =15 125.8261 1.9811 635 23 Tyrses, s =500 — 5657.6981 n/a
11 Tg, s =20 125.4565 1.9592 640 24 Ties, s =10  11529.7250 31.8786 361.6
12 Tg, s =25 126.7537 1.9809 639 25  Tig, s=100  14167.638 198.9311 71.2
13 Tg, s =30 148.4265 1.9831 748 26 Tig, s =500 — 114222738  n/a
4. Ty, is a linear tree with 10000 vertices. We could think of T}, as an ‘opposite’ of T
since Ty, is a tall tree and each level has precisely one vertex. The experiments used
this graph with values of s from the set {10,100,1000,10000}. See Table 1, Rows 4
to 7.
5. Tg is a full-balanced binary tree with 2! leaves. Its diameter is 32. The experiments
used this tree with values of s = {5, 10, 15, 20, 25, 30}. See Table 1, Rows 8 to 13.
6. The T),e6 trees, for n € {0.3,0.5,0.75,1} and e6 = 10°, have 0.3 x 10%, 0.5 x 106,
0.75 % 10%, and 1 x 10 vertices. The diameters of these graphs are 2311, 1850, 2729,
and 3375, respectively. We built these trees with the instruction ‘nx.random_ tree(...)’
from NetworkX [20]. We used the following values of s = {10,100, 500} for each tree.
See Table 1, Rows 15 to 26.

e Evaluation metrics. We measured the wall-clock running time of both Schéfer’s al-
gorithm and DPsC implementations. We focused on the time taken to compute the
cardinality of a maximum s-club for each input graph, excluding the time for operations
such as reading/writing files, initialising data structures, and identifying the vertices in a
maximum s-club. Since both algorithms are correct, we did not report the cardinalities
of the computed maximum s-clubs.

e Computing environment. We implemented both algorithms in Python 3.10 [49] and

the Python package NetworkX [20] version 2.8. The input graphs are in GML [26] format.
The experiments ran on a 2012 MacBook Pro with a 2.3 GHz Quad-Core Intel Core i7
processor, running a 64-bit macOS Catalina version 10.15.7 with a total memory of 8
GB (1600 MHz DDR3). This computer executed each algorithm implementation on each
input graph sequentially without resource allocation.

Remark 6.1. Similarly to Schéfer’s algorithm (and implementation), our implementation of
DPsC fills in as many rows in each vertex’s table as the height of each subtree rooted in such
a vertezr (Pseudocode 2 does not show this modification).

6.2

Experimental results

Table 1 presents the results of our experiments. Rows 1 and 14 show the total execution time
for each set. Columns 5 and 10 present the ratio between tschifers and tppsc. The results of
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the experiments show that DPsC outperforms Schéafer’s algorithm in all cases. For the case of
studies T22_16 (Row 1) and Tpp (Row 14), DPsC is between 2 to 4 times faster than Schéfer’s
algorithm. We conjecture that this behaviour occurs because those data sets only consist of
small graphs. For the cases of large trees, Tp (Rows 2 and 3) and T (Rows 8-13), DPsC is
between 57 to 75 times faster than Schéfer’s algorithm. In the case of the large tree 77, (Rows
4-7), the wall-clock running times of the algorithms depend heavily on the value of s, with a
greater ratio of tschiter t0 tppsc as the value of s increases.

Finally, for the case of study Tyes (Rows 15-26), DPsC shows a speedup of at least 70
over Schéfer’s algorithm for some rows. We anticipated this favouring results for DPsC given
Schéfer’s O(s) overhead. Due to time constraints, we only reported the running time of Schéfer’s
implementation for values of s € {10, 100}.

I
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Figure 5: Execution time comparison between Schafer’s algorithm and DPsC using a logarith-
mic scale.

Similarly to Table 1, Figure 5 displays a line chart comparing the wall-clock running time of
Schafer’s algorithm and DPsC to compute a maximum s-club on the six input data sets. The
dark grey lines represent Schéfer’s algorithm (fschifer) and the bold line DPsC (tppsc). The
y-axis, presented on a logarithmic scale, displays the running time in seconds required by the
algorithms. The z-axis shows each tree in the dataset and the s value for the maximum s-club.
We omit the s values for case studies T22_16 and Tpp (please refer to Section 6.1 for details.)
The gaps in tschater in case studies Tp se6, 10.7506, and Theg denote timeouts when s = 500.
The chart shows that DPsC outperforms Schéfer’s algorithm in all study cases. These results
support the theoretical complexity analysis and suggest that DPsC may be more efficient than
Schafer’s algorithm in practice.

Example 6.2. Figure 6 shows the result of executing DPsC on a specific phylogenetic tree
from the set Tpp. The grey subgraph represents a maximum 13-club of cardinality 50.
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Figure 6: A phylogenetic tree T' € Tpp with 74 vertices and a diameter of 23; grey vertices

belong to a maximum 13-club.

7 Conclusion and future direction

This paper presents DPsC, an efficient algorithm to solve the maximum s-club problem in an
arbitrary tree with n vertices for any positive integer s. The algorithm consists of two phases:
first, computing the cardinality of a maximum s-club, and second, identifying the vertices in
such a set. We proved the correctness of DPsC, analysed its time complexity, and performed
experimental simulations on six graph data sets. The algorithm has a time complexity of O(s-n).
Theoretical and experimental results show that the running time of DPsC outperforms the best
previous algorithm for the same problem.

Our approach intentionally balances a simple methodology with practical efficiency. While
the algorithm may appear straightforward, this simplicity is a significant advantage. It al-
lows for more accessible implementation, easier integration into educational settings, and, as
demonstrated by our results, superior performance compared to the existing algorithm.

Although our proposal has a better asymptotic time complexity, practical considerations
such as constant factors in Python’s overhead, memory efficiency, and experimental setup can
explain why the reported speed-up is not directly proportional to the theoretical difference
between s and s?. Running the algorithms on larger inputs or in an optimised environment
could be necessary to observe a clearer distinction.

For future work, we aim to explore the possibility of extending this dynamic programming
approach to broader graph families with a tree-like structure.
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