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This talk — two parts

N

I. Modern Type Theories (MTTS) [#ift2A1]
Basics and intuitive understanding (in comparison with set theory)
Brief introductions to several applications of MTTs

II. Formal semantics in MTTs (MTT-semantics) [ Mg 18 2]
» Intro. to MTT-semantics (basics & advanced topics, c.f. Montague)
Philosophical Foundation (if time permits)

Studying type theory, I've collaborated with many people (only mentioning a few):
Adams, Callaghan, Goguen, Pollack (type theory & proof assistants)
Soloviev, Xue, Y. Luo, Lungu, Bradley (coercive subtyping)
Asher, Chatzikyriakidis, Maclean, Shi (MTT-semantics)
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Part I. Modern Type Theories [#l{825%114]
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I.1 Type theory: development and basics

N
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*+* Foundations of mathematics and paradoxes
= Naive set theory (Cantor)
. Paradox (Russell 1903) =» logical inconsistency
» Crisis in the foundation of mathematics

»» Set theory by Zermelo
» Axiomatic set theory (1908; later ZFC etc.)
» Widely accepted foundations in math community

**» Type theory by Russell
»  Ramified type theory (Principia Math. 1910-13, 1925)
» Vicious circle principle (“impredicativity” like vX.X)
. Ramified hierarchy — problematic “axiom of reducibility”
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Simple type theory

**» Ramsey (1926)

» Logical v.s. semantic paradoxes

. Russell’s paradox v.s. Liar’s paradox

. Impredicativity is circular, but not vicious
» S0, Russell’s ramified TT can be “simplified” to simple TT.

¢ Church’s simple type theory (STT; 1940)
» Formal system based on i-calculus
= Types as in ramified TT (e, t, e—t, ...)
- Higher-order logic (formulas like ¥X.X)
+ Wide applications (Montague semantics, proof assistants, ...)

Note: “Simple” could have another meaning: only “simple” types ...
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Modern Type Theories

+** Martin-L6f has introduced/employed

+ Judgements, contexts, definitional equality

+ Dependent/inductive types, type universes

+ Curry-Howard principle of propositions-as-types
*»» Examples of MTTs [& implementing proof assistants]:

+ Predicative TTs:
< MLTT — Martin-L6f’s type theory [1975]; Agda

+ Impredicative TTs:
< CC [Coquand & Huet 1988] and pCIC; Cog/Lean
< UTT [Luo 1990, 1994]; Lego/Plastic
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UTT [Luo 1989, 1994, ¥/2024] — an example MTT
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*» UTT — Unifying Theory of dependent Types
» UTT = MLTT + CC (formally)

\ Data types: /

\ N ILY .f'l

"|II Typen, Typey, ... .'II
|

r Y f g
Logic: ¥, Prop

Fig. 1. The type structure in UTT.

= UTT has nice meta-theoretic properties (Goguen’s 1994 PhD)
» Strong normalisation (=» consistency) etc.

“* UTT “extends” STT as in Montague semantics (Prop ~ "“t")
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Judgements — basic notion in type theory
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*** Membership judgement O a:A @
+ a:A—ais an object of type A.
+* What is A? A can be: [see next 3 slides]
+» data type: Nat (inductive type), ITx:A.B(x) (dependent type)
+ propositional type: AAB, Vx:A.P
+ type universe: a type of some other types
*»» Comparison with set theory: [see slide]
+ Judgement “a : A” is not a logical formula
+ Different from "s € S”, which is a formula (say in FOL)
+ A logic is only a part of type theory (“propositional types”)
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Example of inductive type — Nat of natural numbers
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*** Peano axioms for nats [predicate N; neN ~ N(n)]
(P1) 0e N

(P2) V. z € N = suce(z) € N

(P3) Vx,y. z,y € N A suce(z) = suce(y) =z =1y

(P4) V. z € N = 0 # suce(x)
(P5) VP. P(0O) A [Vz. 2 € N AN P(z) = P(succ(z))] = Vz. z € N = P(z)
**» Martin-Lof's idea — type rather than set

+ Inductive types as “computational theories”
+» Example — Nat, the type of natural numbers (next slide)
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Rules for Nat
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++» Formation and introduction rules

n: Nat
Nat type 0: Nat succ(n) : Nat

This specifies canonical objects 0 and succ(n). [#iExt%]

«* Elimination rule
Iz:Nat+=C(z) type I'tn:Nat
'te:C(0) Iz:Natyy:C(z) b f(z,y) : Csuce(z))
I'=Enatle, fin) : C(n)
This gives induction and (with computation rule) primitive recursion:
Enat(e, f,0) = ¢
Enatlc, f,succ(n)) = f(n,Enalc, fin))

+*»» All Peano axioms are either rules or provable.
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[1-types and V-props: examples of dependent types

N

L/
< I1x:A.B(x) — dependent function type  —ripn -
» Type for collection I, w:AFb: B
L' Ax:Ab: 1l A.B
{f e A>U,_B(a) | VaeA. f(a)eB(a) } AR Thaea
» f: IIx:Human.Parent(x) [F fla): [a/2]B

> f(h) is father/mother of h (Not Others!) it —wali o

+*** Universal quantification
I'EAtype T'. A P: Prop
I'EVe:A.B: Prop
» Prop, the collection of propositions, is a type itself
[impredicative universe with “circular” props like vX:Prop.X]

- Propositions-as-types: propositions are (some) types
[So, logic(s) is only a part of type theory — see next slide.]
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Relationship between logic and set/type theory
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L/
Logic (e.g., FOL) Type Theory
e(t theory } [ logic(s)
Set theory is a theory in logic Logic is a part of type theory

Note: A logic in type theory can be
(1) PaT logic in MLTT, (2) HOL in UTT, or (3) h-logic in HOTT.
Type theory is more powerful than set theory in manipulating logical exprs!

For example, are events necessary in formal semantics? (cf, Davidson 1967)
-- Variable polyadicity (VP) [t c¥iEnr4%] =» Davidsonian event semantics
-- VP can be achieved in type theory. Events unnecessary after all'? (Luo & Shi 2025)
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[.2 Some (selected) applications of MTTs
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(1*) Proof technology (proof assistants)
(2*) Univalent foundations of mathematics
(3) Formalisation of math and prog verification

(4) Natural language reasoning
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Interactive proof tech. based on type theories
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*** Proof assistants — interactive theorem proving
. MTT-based: Agda, Coq, Lean, Lego, NuPRL, Plastic, ...
» HOL-based: HOL, Isabelle, ...

¢ An ITP system consists of three parts for:
(1) contextual defns (2) proof development (3) proof checking

checking

command

proof

I deviopment

-~

(sub)goal

Figure 1: Interactive proof development and proof checking
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Applications of proof assistants

*¢» Formalisation of mathematics
+ 4-colour theorem (Coq)

» Kepler conjecture (Isabelle) e

. R
- stack cannonbails or equal

** Computer Science: e
the 400 yeacold conjectur

» program verification
» advanced programming
+»» Computational Linguistics

= NL reasoning (Coq) based on MTT-semantics
(Chatzikyriakidis & Luo 2014/2016/2020; ¥'2024)

Source: Thomas C. Hives  Post Garette
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Univalent foundations & homotopy type theory
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¢ Univalent Foundations [#.435t] of mathematics |
(new alternative to set theory) '
» V. Voevodsky, Russian Fields medalist (1966-2017)
. Key motives: proof-checking & isomorphic invariance
» Neither feasible in set theory, but OK in type theory! om—

*» Homotopy type theory (HoTT 2013) [[F{&25R ] e
» UF special year 2012-13 at Inst for Adv Study, Princeton

» Formalisation of UF: HOTT = MLTT + UA + HITs
< UA — univalence axiom [#.rA#] (for iso. invariance) o e
< HITs — higher inductive types [=%H442%%!] (generalisation of h-logic)

** UF Mathematics in proof assistants (Agda/Cog/Lean)
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Research monograph on MTTs in Chinese
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=
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7. Luo. Modern Type Theories: Their
Development and Applications.
Tsinghua Univ Press, 2024.

(In Chinese)

IE: http://www.tup.tsinghua.edu.cn/booksCenter/book _09109701.html
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https://baike.baidu.com/item/%E7%8E%B0%E4%BB%A3%E7%B1%BB%E5%9E%8B%E8%AE%BA%E7%9A%84%E5%8F%91%E5%B1%95%E4%B8%8E%E5%BA%94%E7%94%A8/64353660?fr=ge_ala
https://baike.baidu.com/item/%E7%8E%B0%E4%BB%A3%E7%B1%BB%E5%9E%8B%E8%AE%BA%E7%9A%84%E5%8F%91%E5%B1%95%E4%B8%8E%E5%BA%94%E7%94%A8/64353660?fr=ge_ala
http://www.tup.tsinghua.edu.cn/booksCenter/book_09109701.html
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Part II. MTT-semantics [HiAeEMiE %]
1. Basic and advanced (selected; c.f., Montague)
2. Philosophical Foundation (proof-theoretic sem)

UESTC, December 2025

18




II.1. Formal Semantics and MTT-semantics
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*** Montague semantics (Montague 1930-1971)
- MG: in set theory (simple type theory as intermediate)
= Dominating in linguistic semantics since 1970s
» Studies in China: 442, k. L. 5kE%F .. ..

** MTT-semantics: formal semantics in modern type theories

» Ranta (1994): formal semantics in Martin-Lof’s type theory

. Recent study on MTT-semantics =» full-scale alternative to MG
< Z. Luo. Formal Semantics in MTTs with Coercive Subtyping. L&P 35(6). 2012.
< S. Chatzikyriakidis & Z. Luo. Formal Sem in MTTs. Wiley, 2020. [M on MTT-sem]
< D, AR RM R RSN, EERE R, 2024, [53. 45]
» Rich typing for formal sem — many researchers (eg, papers below)
< S. Chatzikyriakidis & Z. Luo (eds) Modern Perspectives in TT Sem. Springer, 2017.
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Simple example
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+*» John talks.
+ Sentences are propositions & verbs predicates (in domains).
+ Individuals are entities (or in certain domains).

Montague MTT-semantics
john e Human
talk e->t Human->Prop
talk(john) |t Prop

+ In MTT-sem, common nouns are types (Munich, Sundholm 1985)
rather than predicates as in Montague sem (next page).
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CNs as types [@% y3a]
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**» Meaningfulness — is the following meaningful?
(*) The table talks.

“* Yes in MG: (*) has a truth value.

talk(the-table) is false in the intended model.
But, unlike (*), meaningful sentences can also be false!

So, meaningless and meaningful sentences are not distinguished ...
** No in MTT-semantics: (*) is meaningless (ill-typed).
» " the-table : Human” is incorrect.
talk(the-table) is ill-typed (talk : Human->Prop).

*» In MTT-sem, meaningfulness = well-typedness (cf, Asher 11)
MTT-semantics gives a better basis for selection restriction [ £ #1].
Note: in MTTs, type-checking is decidable. (Note: truth/falsity is not decidable.)
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Rich type structures — case study in adjectival mod.
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+*» An adjective maps CNs to CNs:
+ In MG, predicates to predicates.
+ In MTT-semantics, types to types.

** MTT-semantics (Chatzikyriakidis & Luo 2020, &' 2024)

classification | example types employed

intersective [#1%:] | black cat >-types with simple predicates

subsectional[ /]| small elephant IT-polymorphic predicates & X-types

privative [#et#] | fake gun disjoint union types with I1/X-types

non-committal alleged murderer

[t ] (WA X ] special predicates
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Subtyping [F2¢%!] in MTT-semantics
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*** Simple example
+« A human talks. Paul is a handsome man. Does Paul talk?

+ Semantically, can we type talk(p)?
< talk : Human—->Prop and p : [handsome man]

+ Yes, because p : [handsome man] <Man < Human

*»» Subtyping is crucial for MTT-semantics

+ Coercive subtyping [Luo 1999, Luo, Soloviev & Xue 2012] is
adequate for MTTs and we use it in MTT-semantics.

» Note: Traditional subsumptive subtyping is inadequate for MTTs
(canonicity fails with subsumptive subtyping).
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Advanced topics in MTT-semantics: examples
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L)

+»» Copredication [[Fig] & dot-types [L 09, Xue & L 12, Chatzikyriakidis & L 18]
ARAT ), {BAE TR KA. (Food e Process — such dot-types formalised in MTTSs.)

Linguistic coercions via coercive subtyping [Asher & L 12]
Signatures for linguistic contexts [L 14, Lungu & L 16]

MTT event semantics (dependent event types) [L & Soloviev 17]
gk = K iE . (Je. talk(e) A loudly(e) A ag(e)=z = Je:Evt,(2). talk(e) A loudly(e).)

Propositional forms of judgemental inter. [Xue, L & Chatzikyriakidis 18, 23)]
MTT-semantics in MLTT,, [L 18]

Subtype universes [Maclean & L 20, Bradley & L 23, %'24]

Dependent categorial grammar [#24]

CNs as setoids [>:71%] [L 12, Chatzikyriakidis & L 18] (CNs as HITs [L 24])
“"CNs-as-types”, but (A,) in general. (Use HITs to represent “quotient types”, so OK.)

*»» Type-theoretic analysis of event semantics [L & Shi 25]

/
0‘0

R/ /
0‘0 0‘0

R/
0‘0

*e

*

*e

*

7
0’0

7
0’0

o0
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I1.2. Philosophical foundation of MTT-semantics
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*** Meaning explanation

Example: A= Nat,a =3+4,v=7.

How to guarantee that computation a=>v terminates !?

*+» Foundational researches (c.f., type theory ~~ FOL)
. Meta-theoretic study [c#it] (eg, strong normalisation of UTT)
» Meaning-theoretic harmony [ itz figtt] between intro/elim rules
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Meta-theory
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** Meta-theory of type theories

+ Computation is central.
% Strong normalisation: All computations terminate.
< This usually implies canonicity and logical consistency.

» Sophisticated, tedious and rather hard to do

< Numerous theorems/lemmas/concepts/... [examples in next slide]

+ ECC/UTT’s meta-theoretic studies [Luo 1990, Goguen 1994]

+* Caveat:

+ Meta-theory depends on consistency of meta-language
(set theory — believed to be OK, but ...)

+ Desire/wish: can we argue for “correctness” directly?
(pre-mathematical meaning theory)
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Meta-theoretic theorems: examples
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‘0

*

Church-Rosser theorem (CR) [CRiz#]
If a=b : A, then there existsc: As.t.a—> candb - c.
Subject Reduction (SR) [3:#1H4]
Ifa:Aanda—> b, thenb: A.
Strong Normalisation (SN) [#&iE#ifk]
Every computation from a well-typed term terminates.
Decidability (of type-checking) [ CEAU IR W) 5E 1]
It is decidable whether a judgement is correct (derivable).
Logical consistency [ %5144 ]
Theorem (of UTT). VX:Prop.X (false) is not provable (in the empty context).
Proof. By contradiction. Assume M : VX:Prop.X be in normal form (by SN & SR).
Then, analysis would imply Prop = X or Prop = Qx:A.B which, by CR, is impossible.
Therefore, M does not exist (hence, vX:Prop.X is not inhabited).

‘0

*

L)

*

L)

*

L)

*
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Theories of meaning
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*** Meaning is reference (model-theoretic)
+ Word meanings are (abstract/concrete) objects.
+ C.f., platonism: Frege, ...

*** Meaning is concept (“internalist theory”)
» Word meanings are ideas in the mind.
+ C.f., Aristotle, Chomsky, ...

¢ Meaning is use ( “use theory”)
+ Word meanings are understood by its uses.
+ C.f., Wittgenstein, ...

UESTC, December 2025
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Proof-theoretic semantics — use theory for logics
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*** Proof-theoretic semantics (PTS)
Use theory for logical systems
Dummett 76/91 (meaning) & Prawitz72 (general proof theory) | :
China: 3k 506 GAREESRIRTIA) . FIHH23/25, 21724 . ST

% Ideas
Pre-mathematical justification of logical rules
(informally from “first principles”, not meta-theoretically)
For logic: two aspects of use — verification and consequence
Harmony: intro/elim should be harmonious (research prob: higher-order)

**» PTS for type theories
Martin-L6f's meaning explanations (1984)
» Type theory potentially has PTS, while set theory does not.
Current research: hypothetical judgements; impredicativity
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MTT-semantics is both model- & proof-theoretic
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*» Claim:
MTT-semantics is both model-theoretic and proof-theoretic.,
Natural Language —(1)— Modern TT —(2)— Meaning Theory

(1) representational, model-theoretic
(2) inferential roles, proof-theoretic (in sense of use theory)

*** Two papers (among others)

» Z. Luo. Formal semantics in MTTs: Is it model-theoretic, proof-theoretic, or
both? Invited talk at LACL, LNCS 8535, pp177-188. Toulouse, 2014.

- DI, iz s, PUCEENGIE U R AL (R, Bae ), 2025,
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Why important for MTT-semantics?
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¢ Model-theoretic — powerful semantic tools
= Much richer typing mechanisms for formal semantics
- Powerful contextual mechanism to model situations
*»» Proof-theoretic — practical reasoning on computers
. Existing proof technology: proof assistants
+ Applications to NL reasoning
**» Leading to both

» Wide-range modelling as in model-theoretic semantics
» Effective inference based on proof-theoretic semantics

Remark: new perspective & possibility not available before!
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